We extend the Kleinecke-Shirokov theorem to the almost commutative case. From this result we prove the WintnerWielandt-Halmos theorem.
The Kleinecke-Shirokov theorem says, according to [l, p. 128] , that if P and Q are bounded linear operators on a Hubert space, T -PQ -QP and T commutes with P, then T is quasinilpotent.
Theorem
1. If P and Q are bounded linear operators on a Banach space X, T = PQ -QP and T almost commutes with P, i.e., PT-TP is a compact operator, then T is a Riesz operator. In particular, if X is a Hilbert space, then there exists a compact normal operator S such that T -S is a quasinilpotent operator.
Proof. We can prove the theorem by an analogous method to Kleinecke's original one [l, p. 335]. Let c be the canonical homomorphism of B(X), the Banach algebra of bounded linear operators on X, onto B(X)/K(X), the quotient Banach algebra of B(X) modulo K(X), the = n\(D(c(Q)))n = nlc(T)n. Hence ||c(r)n||1/n-»0 as »-►», i.e., T is a Riesz operator [2] . The particular case will follow from the following proposition: If we denote by R(X) the set of Riesz operators, N(X) the set of quasinilpotent operators and KM(X) the set of compact normal operators on X, then R(X) = N(X) + KM(X) = N(X) + K(X) = R(X) + K(X). If 5 is the zero operator, Theorem 2 is precisely the WintnerWielandt theorem, i.e., the only scalar commutator is 0.
